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A Direct Comparison of Node
and Element-Based Finite
Element Modeling Approaches
to Study Tissue Growth

Finite element analysis is a useful tool to model growth of biological tissues and predict
how growth can be impacted by stimuli. Previous work has simulated growth using node-
based or element-based approaches, and this implementation choice may influence pre-
dicted growth, irrespective of the applied growth model. This study directly compared
node-based and element-based approaches to understand the isolated impact of imple-
mentation method on growth predictions by simulating growth of a bone rudiment geome-
try, and determined what conditions produce similar results between the approaches. We
used a previously reported node-based approach implemented via thermal expansion and
an element-based approach implemented via osmotic swelling, and we derived a mathe-
matical relationship to relate the growth resulting from these approaches. We found that
material properties (modulus) affected growth in the element-based approach, with
growth completely restricted for high modulus values relative to the growth stimulus, and
no restriction for low modulus values. The node-based approach was unaffected by mod-
ulus. Node- and element-based approaches matched marginally better when the conver-
sion coefficient to relate the approaches was optimized based on the results of initial
simulations, rather than using the theoretically predicted conversion coefficient (median
difference in node position 0.042 cm versus 0.052 cm, respectively). In summary, we illus-
trate here the importance of the choice of implementation approach for modeling growth,
provide a framework for converting models between implementation approaches, and
highlight important considerations for comparing results in prior work and developing
new models of tissue growth. [DOI: 10.1115/1.4051661]
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Introduction

Growth and remodeling of tissues are critical biological proc-
esses that can be influenced by biological stimuli such as cell type
and density, hormones and other growth factors, and mechanical
stimuli [1-7]. These processes may also be affected by changes in
external stimuli that can result from conditions such as injury, dis-
ease, or therapeutic treatments. Modeling of these complex
processes can lead to a deeper understanding of biological mecha-
nisms while also providing predictive tools to study the impact of
external stimuli.

The role of mechanics on biological growth and remodeling has
been commonly studied via modeling (see a recent summary by
Ambrosi et al. [7]). The majority of this work has used analytical
models based on the theoretical framework of finite elasticity,
finite growth, and constrained mixtures, which models growth
through deformations [8], stress-dependent growth [9,10], and in
the context of various tissue constituents [11], respectively. These
models have been adapted and enhanced to model various tissues
such as cartilage [12], tissues with unidirectional fibers [13], and
charged fluids in a solid matrix [14]. However, analytical models
alone cannot provide information within the context of complex,
anatomically realistic three-dimensional (3D) tissue shapes.
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Finite element (FE) models offer a way to simulate 3D tissue
growth and study how growth is affected by biological and biome-
chanical conditions. FE modeling has been used to simulate
growth in the context of biological tissues for many applications
including joint morphogenesis and bone growth [15-21], skeletal
muscle sarcomere shortening [22], cortical folding in the brain
[23], tumor growth [24], abdominal aortic aneurysms [25-29],
and cardiac growth and remodeling [30]. Many of these studies
have implemented complex constitutive models of growth into FE
analysis software packages through user material subroutine or
custom plug-ins [22-30] to model specific biological mechanisms
such as solid material deposition and remodeling, fluid influx, and
cell division. Other studies have used existing capabilities within
FE software packages to induce growth using simple surrogate
mechanisms such as thermal expansion [15,17,19,20,31] and
osmotic swelling [32,33] to simulate biological processes
involved in growth. These approaches have proven capable of
capturing realistic morphologies given physiological stimuli in
specific cases such as diarthrodial joint development [15,16]. In
these approaches, growth stimuli are applied as a temperature dif-
ferential to induce thermal expansion or an intracellular to extrac-
ellular solute concentration differential to induce swelling.

Whether complex or simple, approaches used to simulate
growth are at their essence applied in either a node-based
[15-17,19,31] or element-based [20,32] fashion. Node-based
approaches achieve growth by dictating linear (one-dimensional)
expansion of the distance between sets of nodes while element-
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based approaches achieve growth by dictating volumetric (3D)
expansion of the volume of each element. This choice of approach
may in and of itself influence the growth predicted using these
methods, irrespective of the specific growth relationship being
applied. In addition, because different growth modeling
approaches are used across studies, it is unclear how to directly
relate growth models that use node- and element-based
approaches, or how one might implement the same growth law in
different FE modeling platforms that use these two different
mechanisms. When using FE models to predict tissue growth and
development, it is important to consider how the choice of expan-
sion implementation impacts resulting changes in morphology.
Grytsan et al. began to explore this area by comparing isotropic,
in-plane, or in-thickness growth kinematic approaches in the con-
text of abdominal aortic aneurysm growth [26]. Similarly, com-
parison of the influence of element- and node-based approaches is
needed since two commonly used FE software packages with
existing expansion capabilities use different mechanisms. Specifi-
cally, several studies have utilized thermal expansion capabilities
available in aBaQus [15,17,19,31], which utilizes a node-based
approach, and cell growth capabilities available in Fegio [32,33],
which uses an element-based approach, to simulate growth of bio-
logical tissues.

One possible method to fluently apply growth models in both
node- and element-based approaches is to determine an idealized
mathematical relationship between the approaches. Within the
context of thermal expansion, one-dimensional and 3D expansions
are related such that the volumetric thermal expansion coefficient
(ay) equals 3x the linear thermal expansion coefficient (o) for
small changes in temperature and infinitesimal deformations
within an isotropic material [34]. However, the assumption of
infinitesimal deformations is inconsistent with many examples of
biological growth. Therefore, the goal of this work was to (1)
explore the isolated influence of node- or element-based
approaches of growth and (2) mathematically and computationally
explore the relationship and scaling of coefficients between an
element-based (volumetric) model using osmotic swelling and a
node-based (linear) model using thermal expansion. We explored
several important variables of implementation including a conver-
sion coefficient to relate the node- versus element-based
approaches, number of iterations, and material modulus. Since the
element-based approach in FEBlO implements growth within a con-
stitutive relationship relating stress and strain while the node-
based approach does not, we hypothesized that the element-based
approach would tend to predict less growth than node-based
approach when using an idealized conversion coefficient, and tis-
sue material properties would affect comparisons across
approaches, with stiffer materials restricting growth in the element
but not node-based approach.

Methods

Model Framework. To test the isolated impact of choice of
node- or element-based approaches, we used existing expansion
capabilities within two FE solvers—rEBIO and ABAQUS cAE—which
can be used as surrogates to produce a desired expansion of a tis-
sue as a result of growth. The element-based modeling approach
of tissue growth was developed in FeBiO (version 2.6.4, FEBio
Software Suite, Salt Lake City, UT) [35] and postprocessed in
posT-VIEW (version 2.0.0, FEBio Software Suite, Salt Lake City,
UT). All reio simulations were controlled through MATLAB (version
9.5, Mathworks, Portola Valley, CA) using code adapted from the
geometry and image-based bio-engineering add-on [36], an open-
source MATLAB toolbox that allows users to run simulations in FEBIO
through a MATLAB script. In FEBIO, osmotic swelling was used to simu-
late volumetric tissue growth [32,37]. Growth was implemented
through Eq. (1), in which an increased ratio of internal (C,) to exter-
nal solute concentration (C,) with constant solid volume fraction
(¢) causes an expansion (AV) of elemental volume (V)
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Fig. 1 (a) Growth stimulus (A T(y)) was implemented as a linear
function of normalized distance along the rudiment and (b)
growth of a simple rudiment geometry was simulated for 10
cycles of growth for element-based and node-based
approaches

AV =V (C,/C,+ ¢ —1) (1)

The node-based modeling approach of growth was developed in
ABAQUS CAE (version 6.13, Dassault Systems, Vélizy-Villacoublay,
France) and controlled though a Python script. Models were based
on existing literature using thermal expansion [15,16], imple-
mented through Eq. (2), in which increased temperature (AT)
with linear thermal expansion coefficient (o) causes expansion
(AL) of the distance (L) between nodes

AL = Lx oy * AT 2)

To relate the expansion produced by osmotic swelling to that pro-
duced by thermal expansion, Eq. (1) was equated to the volumet-
ric thermal expansion equation shown in Eq. (3), using a
volumetric thermal expansion coefficient (o)

AV = Vxoyx AT 3)

The system was solved for C, to produce the following
relationship:

Cr =Ce(ay*AT — @ + 1) 4)

Equation (4) was substituted into Eq. (1) and implemented in the
element-based approach.

Model Implementation. For all simulations, the initial geome-
try was implemented as a rudiment, which has been used as a
basis to simulate diarthrodial joint morphogenesis [15,16]. The
geometry was created in ABAQus and composed of a cylinder
(1 cm diameter, 1.25cm height) with a hemispherical end (1 cm
diameter) (Fig. 1). A tetrahedral (tet4) mesh was applied, com-
posed of 13,744 elements with an average volume of 0.0899 mm?>,
each connected by four nodes, and a total of 2822 nodes. The
geometry and mesh were imported into PRE-VIEW (version 1.20.4,
FEBio Software Suite, Salt Lake City, UT), the FEBIO preprocess-
ing software, to create the rEBIO geometry file, such that both
approaches had identical initial geometry and mesh. Preliminary
studies were performed to evaluate how the number of elements
impacts simulation time. Simulations were performed using the
rudiment geometry with a mesh composed of elements with
approximately double (28,202 elements, average volume of
0.0439mm®) and triple (44,358 elements, average volume of
0.0280 mm> ) the number of elements in the initial mesh. Initial
rudiment simulations ranged from ~10 min of computational time
for both the element- and node-based approaches. For the
element-based approach, computational time increased by ~5
times for double the number of elements and ~8 times for triple
the number of elements. For the node-based approach, computa-
tional time increased by ~1.4 times for double the number of ele-
ments and ~2 times for triple the number of elements.
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Growth stimulus was applied as a linear function of normalized
distance along the rudiment height such that the growth stimulus
was zero at the base of the rudiment and one at the top of the rudi-
ment (Fig. 1). This stimulus was implemented through Egs. (2)
and (4) as a temperature differential (AT). When simulating tissue
growth, this equation has been implemented in previous models to
simulate a biological growth stimulus, specifically as a function of
chondrocyte density when simulating long bone morphogenesis
[15,16,38], and was chosen here as a simple model to highlight
the isolated effects of node- versus element-based approaches,
rather than to capture complex growth stimuli.

Boundary conditions for all simulations were applied by fixing
all nodes on the bottom surface of the rudiment in the y-direction
(longitudinal direction) and fixing the topmost central node to
maintain x- and z- coordinates (transverse directions) equal to
zero. For all ABAaQus simulations, isotropic, homogeneous, neo-
Hookean material properties were applied. Thermal expansion
properties, defined by oy in Eq. (2), were applied to the whole
model, with temperature applied to each node as a function of its
y-position. For all FEBIO simulations, isotropic material properties
were assigned to the rudiment as a solid mixture of a neo-
Hookean material, defined by elastic modulus and Poisson’s ratio,
and a cell growth material, defined by C, and C,, and ¢ via Eq.
(1). C, was defined by the relationship in Eq. (4). The C, and ¢
terms cancel out when substituting Eq. (4) into Eq. (1), so these
values should not affect comparisons between approaches. To ver-
ify that ¢ did not impact results, simulations of the element-based
approach were performed for values of ¢ ranging from 0.000001
to 0.9 (possible values are 0-1) with C,=2000, oy=0.27, and a
modulus of 1kPa (Table S1 available in the Supplemental Materi-
als on the ASME Digital Collection). Similarly, simulations of the
element-based approach were performed for values of C, ranging
from 2 to 20,000 with ¢ = 0.000001, ay=0.27, and a modulus of
1Pa for C,=2, 20, and 200 and 1 kPa for C,=2000 and 20,0000
(Table S2 available in the Supplemental Materials on the ASME
Digital Collection). For an appropriate modulus value for the neo-
Hookean material, simulation results were minimally affected by
¢ and C,. For the simulations presented in this paper, C, and ¢
were set to 2000 and 0.000001, respectively. Material properties
were applied to each individual element using a MATLAB script
modified from the geometry and image-based bio-engineering
add-on open source spatially varying material parameters demon-
stration file (DEMO_spatially_varying_material_parameters). For
this study, the neo-Hookean material properties were held con-
stant within a given simulation while the cell growth material
properties varied by element.

For all node-based simulations, o;, was arbitrarily set equal to
0.08. For all element-based simulations, o was defined relative to
oz, using conversion coefficient (C), in the following relationship:

oay = C*OCL (5)

To determine the appropriate conversion coefficient, element-
based simulations were performed using C =1, 2, 3, 4, and 5. All
simulations varying the conversion coefficient used neo-Hookean
material properties, with elastic modulus of 1kPa and Poisson’s
ratio of 0.49. To evaluate the effect of material properties, addi-
tional simulations were performed with elastic moduli of 1kPa,
10kPa, 100kPa, 500kPa, 1 MPa, 5 MPa, 10 MPa, 100 MPa, and
1 GPa and a constant Poisson’s ratio of 0.49, for both element and
node-based approaches with C =3.

All simulations were iterated through 10 growth cycles. After
each cycle, growth was applied to the new geometry as a function
of normalized distance along the rudiment. No remeshing was
done between cycles since small relative changes in element size
would not impact growth (i.e., the sum of the growth of two ele-
ments will produce the same growth as one element that is twice
the size, by Eq. (3)). Maximum height and width of the rudiment
were recorded after each cycle, and percent differences were cal-
culated between modeling approaches.

Journal of Biomechanical Engineering

Next, element-based simulations were performed using theoret-
ically determined conversion coefficients. As described earlier,
the theoretical conversion coefficient relating volumetric and lin-
ear expansion should be C =3, assuming infinitesimal changes in
temperature [34]. Therefore, C =3 was termed the ideal theoreti-
cal conversion coefficient. However, without assuming infinitesi-
mal changes in temperature, an expanded theoretical conversion
coefficient relationship was derived using the parameters in this
study, in which AT ranges from 0 to 1 (derivation shown in Sup-
plemental Material)

C = 3 + 0.24AT + 0.0064AT?> (6)

An element-based simulation was performed with the expanded
conversion coefficient defined by Eq. (6), applied on an element-
by-element basis. The modulus was defined as the value that pro-
duced most similar results between the element- and node-based
simulations from the sensitivity experiment varying modulus val-
ues above.

Next, an optimized element-based simulation was performed
using a constant optimized conversion coefficient determined
based on results from sensitivity simulations varying values of C
above. Linear interpolation was used to identify the intersection
of the element-based and node-based predictions for both height
and width (Figs. 3(b) and 3(c)), where the rudiment dimensions
would be assumed to be equal for node- and element-based
approaches. The optimized conversion coefficient was defined as
the mean of the intersection values computed for height and
width. The same modulus used for the theoretical simulation was
implemented for this optimized simulation. The process of per-
forming conversion coefficient sensitivity simulations, interpolat-
ing an optimized conversion coefficient, followed by an optimized
simulation took approximately 1 h.

Further analysis was done to compare results from element-
based simulations using the ideal theoretical, expanded theoreti-
cal, and optimized conversion coefficients to results from the
node-based simulation on a node-by-node basis. Distances
between corresponding nodes in simulations performed with both
approaches were calculated as the root-mean-square error in posi-
tion of each node for the element-based approach relative to the
corresponding node in the node-based approach, using a custom
MATLAB code. The median and interquartile ratio (IQR) of these
nodal differences were calculated for each element-based
approach relative to the node-based approach. Differences were
also calculated as a normalized value, relative to total displace-
ment of each node in the node-based approach. Both raw and nor-
malized differences were statistically compared using Friedman
tests with Dunn’s posthoc analysis (overall alpha set at 0.05).
Findings were confirmed using two alternative geometries: a cyl-
inder (1.25cm height, 0.5 cm radius) with a hemispherical con-
cave surface (0.4cm radius) and a cylinder (1.25cm height,
0.5 cm radius) with a shallow convex surface that increased the
height by 0.1 cm (Fig. S3 available in the Supplemental Materials
on the ASME Digital Collection).

Results

Rudiments grew in a qualitatively similar manner for the two
approaches throughout the 10 growth cycles (Fig. 2). The rudi-
ments generally showed the most outward growth toward the top
of the rudiment while remaining approximately the same size at
the base (Fig. 3(a)). Quantitatively, higher conversion coefficients
resulted in greater overall growth in the element-based simula-
tions, and the simulation using a conversion coefficient of 3
resulted in predicted rudiment size most similar to the node-based
simulation. Specifically, element-based simulations were 25%,
14%, 4%, 8%, and 20% different in height compared to the node-
based simulation for conversion coefficients C =1, 2, 3, 4, and 5,
respectively (Fig. 3(b)). Rudiment widths were also most similar
between the two approaches for element-based simulations using
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Fig. 2 Rudiment geometries grew similarly in element- and
node-based simulations with E=1kPa and a conversion coeffi-
cient C=3. Geometries shown after 0, 2, 5, and 10 cycles of
growth.

a conversion coefficient of C =3 (Fig. 3(c)). However, widths
were nearly as similar between the approaches when the conver-
sion coefficient of C =4 was used. Specifically, element-based
simulations were 32%, 20%, 7%, 8%, and 23% different in width
compared to the node-based simulation for conversion coefficients
C=1,2,3,4, and 5, respectively.

The impact of modulus ranging from 1kPa to 1 GPa was next
evaluated. A conversion coefficient C =3 was used for the
element-based simulation since this produced the closest results to
the node-based simulation in the prior simulation set. Element-
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P

Fig. 3 The element-based approach produced a geometry
most similar to the node-based approach for a conversion coef-
ficient C= 3. (a) Rudiment geometries after 10 cycles of growth
for element-based simulations with conversion coefficients
C=1, 3, and 5. Maximum rudiment height (b) and width (c) after
10 cycles of growth with the conversion coefficient C=1-5.
Results from simulations with interpolated optimized conver-
sion coefficient (C = 3.375) are represented by the open circle.
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Fig. 4 Modulus influenced growth in element but not node-
based simulations. (a) Rudiment geometries after 10 cycles of
growth for moduli of 1GPa, 1 MPa, and 1kPa. Maximum rudi-
ment height (b) and width (c) after 10 cycles of growth modulus
values varying from 1Pa-1GPa. Element-based simulations
were performed with a conversion coefficient C= 3.

based geometries were most similar to node-based geometries for
simulations with low modulus values (Fig. 4(a)). Over the tested
modulus range of 1 kPa to 1 GPa, element-based growth decreased
in a sigmoidal manner as modulus increased, with growth decreas-
ing most from 0.1 MPa to 10MPa (Figs. 4(b) and 4(c)). The
element-based simulations at 1GPa and 100 MPa showed no
growth from the initial geometry. In contrast, node-based growth
was unaffected by modulus, as expected.

Next, the effect of number of growth iterations was studied.
Over the 10 cycles, the node-based simulation grew steadily with
increased cycle number (Fig. 5(a)). At the lowest modulus (£ =1
kPa), the element-based simulation behaved similarly. As modu-
lus increased, the amount of growth in the element-based simula-
tions decreased uniformly between consecutive cycles, with the
simulation using a high modulus (£ =1 GPa) having no growth
between any cycles. Additionally, both absolute and percent dif-
ferences between the modeling approaches increased with the
number of cycles (Fig. 5(b)). Overall, node and element-based
approaches were most similar at a low modulus (E =1 kPa), with
4% difference in height and 7% in width after 10 cycles
(Fig. 5(b)). Model predictions differed the most for £=1GPa,
with 34% difference in height and 42% in width after 10 cycles.

Once the effects of conversion coefficient, modulus, and cycles
were assessed, the ideal theoretical, expanded theoretical, and
optimized conversion coefficients were compared in their ability
to produce an element-based simulation that matched the node-
based simulation. A modulus of 1kPa produced the most similar
results between modeling approaches (Fig. 4) and was used for
the following simulations. From earlier sensitivity analyses, a con-
version coefficient C =3 produced more similar results between
element and node-based approaches than other conversion coeffi-
cients, validating it as the ideal theoretical conversion coefficient
(Fig. 3). By plotting the nodes from the resulting geometries, it
was clear that the element-based simulation using the ideal theo-
retical conversion coefficient resulted in a rudiment that was
smaller than the node-based simulation (by 4% and 7% in height
and width, respectively) (Fig. 6(a)). Using the expanded theoreti-
cal conversion coefficient (ranging from 3 to 3.246 by Eq. (6))
brought the element-based approach closer to the geometry from
the node-based approach, within 2% and 4% of the final node-
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Fig. 5 Differences between element and node-based
approaches increased with increasing cycles. (a) Maximum
height and width of the rudiment over 10 cycles for the node-
based and element-based approaches for moduli ranging from
1kPa to 1 GPa. Since the node-based approach was unaffected
by modulus, values are only shown once. (b) Percent difference
in maximum height and width of element-based simulations rel-
ative to the node-based simulation after 1, 5, and 10 cycles.

based height and width, respectively (Fig. 6(a)). Finally, we used
an optimized conversion coefficient interpolated based on height
and width values, respectively (Figs. 3(b) and 3(c)). The average
of these was C =3.375. The geometry from the element-based
simulation using this optimized conversion coefficient was more
similar to that of the node-based approach than for previous simu-
lations (Fig. 6(a)). Final height (2.67cm) and width (1.71cm)
were, respectively, within 1% and 2% of node-based results.
Comparing the element-based simulations to the node-based
simulation on a node-by-node basis revealed that the greatest dif-
ferences in all cases occurred toward the center of the rudiment
(Fig. 6(b)). The element-based simulation using the ideal theoreti-
cal conversion coefficient appeared to have the most striking dif-
ferences, with large differences toward the upper portion or the
rudiment. Use of the expanded theoretical conversion coefficient
reduced these differences, and the optimized conversion coeffi-
cient brought the results closer still. The most marked improve-
ment relative to other simulations was observed near the surface
of the upper portion of the rudiment, where nodes matched very
closely when wusing the optimized conversion coefficient
(Fig. 6(b)). Quantitatively, the difference in nodal positions of the
element-based simulations relative to the node-based simulation
showed non-normal distributions. Differences were significantly
smaller using the optimized conversion coefficient (median
0.042 cm, IQR 0.032-0.054 cm) than either the ideal theoretical or
the expanded theoretical conversion coefficient (p < 0.05). Addi-
tionally, differences were smaller using the expanded theoretical
conversion coefficient (median 0.052cm, IQR 0.038-0.067 cm),
than the ideal theoretical conversion coefficient (median
0.055 cm, IQR 0.036-0.083 cm) (p < 0.05). Although the median
values were not far apart between simulations using the theoreti-
cal conversion coefficients, the distribution of values was much
smaller using the expanded theoretical conversion coefficient.
When differences between nodal positions were normalized to
the total nodal displacement in the node-based approach, the com-
parison of the final three element-based simulations appeared very
similar. The nodes differed by a median of 0.33 (IQR 0.17-0.81),
0.34 (IQR 0.15-0.0.86), and 0.33 (IQR 0.09-0.93) times their
total displacement for the element-based approach with the ideal
theoretical, expanded theoretical, and optimized conversion coef-
ficients, respectively (Fig. S2 available in the Supplemental Mate-
rials on the ASME Digital Collection). The greatest normalized
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differences for all three models occurred toward the lower half of
the rudiment where node displacements are small (Fig. S2(a)
available in the Supplemental Materials).

When considering alternate geometries, similar growth between
modeling approaches was achieved with the expanded theoretical
conversion coefficient, but differences were slightly larger com-
pared to simulations with the rudiment geometry (Fig. S3 avail-
able in the Supplemental Materials). For a cylinder with a
hemispherical concave surface, the element-based simulation was
5% larger in height and 5% smaller in width than the node-based
simulation, and node positions differed by a median of 0.035cm
(Fig. S3(a) available in the Supplemental Materials). Additionally,
after growth, the concave surface appeared shallower for the
node-based approach than the element-based approach. Using a
cylinder with a convex surface, the element-based simulation was
8% and 13% smaller in height and width, respectively, than the
node-based approach, and node positions differed by a median of
0.057cm (Fig. S3(b) available in the Supplemental Materials).
Optimized conversion coefficients were interpolated between
C =3 and C =4 for the geometries with a concave (C =3.1) and
convex (C =4) surface, in the same manner described for the rudi-
ment geometry (Tables S3 and S4 available in the Supplemental
Materials). Using the optimized conversion coefficients, the height
and width of node and element-based simulations were, respec-
tively, within 5% and 7% for the concave geometry (Table S3
available in the Supplemental Materials) and 1% and 0.1% for the
convex geometry (Table S4 available in the Supplemental Materi-
als). Additionally, final node positions between element and node-
based approaches differed by a median of 0.038 cm for the concave
surface geometry and 0.058 cm for the convex surface geometry.

Discussion

In this study, we explored the isolated effects of the type of
growth model implementation on simulated tissue growth using
existing element- and node-based approaches within FE software
packages. Our simulations reveal how choice of different imple-
mentation parameters—including modulus, number of iterations,
conversion coefficient, and geometries—affect predictions and
determined under what conditions node- and element-based
approaches predict similar resulting geometries. This work is
essential for understanding how growth models can be consis-
tently implemented within individual FE platforms or allow for
fair comparisons of simulations between FE platforms. We found
that tissue modulus affected growth in the element-based, but not
node-based, approach, such that the approaches matched most
closely for low modulus values. This confirmed our hypothesis
that higher modulus would restrict growth in the element-based, but
not the node-based, approach. Further, we found that to create com-
parable geometries in response to the same growth stimulus, theoreti-
cal conversion coefficients for the element-based approach resulted
in similar overall growth as the node-based approach, which could
be further improved using an optimized conversion coefficient.

Several sensitivity analyses revealed the role of the conversion
coefficient, tissue stiffness, and cycle number in creating differen-
ces between element- and node-based approaches. The first set of
simulations showed that approaches matched most closely for a
conversion coefficient of C =3. This is consistent with thermal
expansion theory, in which ay = 3+ for infinitesimal changes in
temperature [34]. However, the simulations testing the effect of
modulus suggest that care must be taken to use low modulus val-
ues relative to the expansion stimulus during growth simulations
if comparisons are to be made to equivalent node-based
approaches. On the other hand, inclusion of a realistic tissue stiff-
ness in element-based approaches may be an important considera-
tion for directly capturing principles of experimentally measured
tissue growth. These results also suggest an alternate approach
may be useful, in which sequential simulations may be needed for
growth stimuli that depend on modulus, such as mechanical stim-
uli that depend on regional stresses or strains throughout the
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Fig. 6 The positions of the nodes in the element and node-based simulations aligned more
closely using the expanded theoretical conversion coefficient (3 + 0.24A T + 0.0064A T?) than
using the ideal theoretical conversion coefficient (C = 3), but results matched most closely
using an optimized conversion coefficient (C = 3.375). (a) Nodes from three element-based
simulations overlaid on nodes from the node-based simulation, projected onto the x-y
plane. Nodes were down-sampled for visual clarity. (b, c) Distance (cm) between correspond-
ing nodes of the element-based approach compared to the node-based approach shown as

(b) heat maps on the node-based rudiment
* indicates p<0.05 between groups.

volume of the tissue. In these cases, one simulation may be
needed to determine the mechanical loading and growth stimuli,
and a second simulation may be needed to apply the associated
expansion [15-17]. In this way, separate simulations can allow for
a realistic modulus (e.g., approximately 1.1 MPa for unmineral-
ized cartilage [39]) to be applied during mechanical simulations,
separate from the modulus used for growth simulations, where
users may wish to implement a low modulus (such as 1kPa or
lower) to avoid restricting growth. Finally, our simulations illus-
trated that the number of growth cycles influenced outcome, with
differences between approaches increasing with additional cycles.
Because a growth stimulus depends on geometry and will differ as
geometries diverge, small differences in initial cycles will
increase with additional growth cycles. This would likely have

011001-6 / Vol. 144, JANUARY 2022

cross section and (c) violin plots of the data.

implications in modeling long-term growth in which substantial
changes in size occur.

When examining the conversion coefficient needed to convert
between node- and element-based approaches, the ideal theoreti-
cal conversion coefficient resulted in some differences in predic-
tion between the two approaches. Including noninfinitesimal
changes in temperature in the derivation of the expanded theoreti-
cal conversion coefficient improved consistency between the
element-and node-based approaches and tightened the distribution
of node-by-node differences. Specifically, since the value of the
expanded theoretical conversion coefficient increased along the
height of the rudiment, proportional to the growth stimulus, this
coefficient decreased discrepancies toward the top of the rudiment
that were observed using the ideal theoretical coefficient. Notably,
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an optimized conversion coefficient derived from the sensitivity
analyses was best able to generate matched prediction in the
element-based approach compared to the node-based approach.
The optimized coefficient (C =3.375) was slightly larger than the
ideal or expanded theoretical prediction for the conversion
between approaches (C=3-3.246). It would be possible to
improve the agreement between approaches by implementing a
coefficient as a quadratic function of temperature, like that in Eq.
(6), in which the conversion coefficient is smaller at the base of
the rudiment, where smaller changes in temperature were applied,
than the top of the rudiment. The improvement when using the
slightly larger optimized coefficient could be explained by the fact
that elements are constrained by growth of adjacent elements that
share nodes and faces in the element-based approach, unlike the
node-based approach, where nodes move independently.

To highlight this point further, the use of the same initial geom-
etry allowed us to compare the models on a node-by-node basis.
Overall, using the ideal theoretical, expanded theoretical, and
optimized conversion coefficients, the node-by-node differences
between approaches were fairly small, with <0.10cm error for
almost all nodes. However, more detailed regional comparisons of
differences in node positions showed that the predicted shapes
varied slightly. Greatest differences between the approaches were
seen toward the center of the rudiment, which may stem from dif-
ferences initiated at the base of the rudiment. Elements at the base
of the rudiment experienced some growth stimulus in the element-
based approach, since the y-coordinate of the centroid is greater
than zero, causing slight expansion at the base of the rudiment.
However, base nodes in the node-based approach experienced no
growth since their y-coordinates are zero. Therefore, nodes toward
the base of the rudiment in the element-based approach experi-
enced greater growth than those in the node-based approach, caus-
ing differences in both radial and vertical expansion between
these nodes, which may propagate upward to the central portion
of the rudiment. This can also explain differences at the base of
the rudiment, where the element-based approach was wider than
the node-based approach. Once the differences between the ele-
ment- and node-based approaches were normalized by node dis-
placement, the median normalized differences showed little
variation between the three conversion coefficients. Across all
simulations, normalized distances between nodes were greatest
toward the bottom of the rudiment, where total displacements
were very small. Thus, although some normalized distances were
large, this is not a concern due to the very small total displacement
in this area.

There are some limitations that should be considered regarding
the current study. This study implements tissue growth in simpli-
fied simulations, with a basic geometry, linear growth stimulus,
and homogeneous, linear-elastic, isotropic, material properties,
which are not intended to be representative of growth that occurs
in vivo. It is important to note that this study is not intended to
validate or compare specific models of growth stimuli, but rather
to highlight how parameter or platform selection can influence
simulation prediction in perhaps unintentional ways and can be
carefully chosen to avoid these discrepancies. Because the goal of
this study was to evaluate the isolated influence of modeling
approach on predictions made with a growth model given the
same growth stimulus, we purposely chose a simple stimulus to
best elucidate the effects of parameter selection during implemen-
tation. However, it is possible that the influence of modeling
approach may be dependent to a certain extent on the specific
growth stimuli being implemented; this should be considered in
future work. Additional simulations with multiple input geome-
tries showed that the results shown here for the rudiment geometry
behaved similarly in other geometries, and similar growth
between element- and node-based approaches could be achieved
using the expanded theoretical conversion coefficient. However,
the small differences indicate that more complex geometries could
expand differences in simulation predictions when comparing ele-
ment- and node-based approaches, particularly for geometries
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with sharp edges. Similarly to the rudiment, using a calculated
optimized conversion coefficient for the concave and convex geo-
metries improved agreement between modeling approaches.
Although the optimized conversion coefficients varied slightly
between geometries (C = 3.1, 4.0, and 3.375 for the concave, con-
vex, and rudiment geometries, respectively), these optimized sim-
ulations resulted in similar median differences in node positions
(0.035cm, 0.057cm, and 0.042 cm, respectively). These results
indicate that best comparison between modeling approaches can
be obtained if an optimized conversion coefficient is calculated
for each new geometry. Similar adjustments may be necessary for
implementation of more complex growth laws or growth stimuli.
Additionally, this study did not evaluate which growth mechanism
produces results more similar to growth observed in vivo. These
types of comparisons, such as those done in the context of abdom-
inal aortic aneurysms [26], are useful but may be tissue-specific
and would be interesting to investigate in future studies. Thus,
although the current study begins to compare mechanisms, specifi-
cally node- versus element-based growth, more work can be done
to improve understanding how different growth modeling
approaches and methodologies impact the predicted morphology
of simulations.

In conclusion, this study developed a framework for comparing
element-based and node-based FE models of tissue growth to
allow the same growth law to be applied across platforms with
different growth mechanisms. Overall, we found that two different
approaches for modeling growth resulted in comparable geome-
tries when appropriate parameters were selected; however, small
differences in the morphologies were present. When using FE
modeling to study growth, it should be considered that the chosen
growth law and modeling approach may impact the predicted
morphology. For example, node-based approaches may be able to
produce finer features, while element-based approaches may more
realistically capture how tissue material properties can constrain
or influence growth. The relationships outlined in this work can
be applied as a starting point to translate models between node-
and element-based growth approaches. By allowing for compari-
sons across studies and translation of models, this work can
increase model reproducibility and accelerate research and model-
ing of tissue growth.
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